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Abstract
It is suggested that the difference between the normal and the superconducting state is that the individual electronic states in the
proximity of the Fermi level are standing wave states. Superconductivity may then be understood as a condensation of standing
wave states. All other properties of superconductors and specifically their electrodynamic behavior are direct consequences of
this single property. The London relation may be understood as a microscopic relation of single particles. The understanding
gained provides a path for design of new superconductors.
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1 Introduction
The quantum theory of superconductivity begins with the formulation of the London equation by means of the vector potential A [1],
J ¼−

ns e 2
A;
mc

ð1Þ

where J is the current density, A is the vector potential, ns is the
super-electron density, e is the electronic charge, m is the
super-electron mass, and c is the velocity of light. London
showed that this relation gives rise to the Meissner effect
and zero resistivity. The Meissner effect is the ability of a
superconductor to expel a magnetic field. We therefore call a
superconductor “a perfect diamagnet.” Thus, for example,
when we apply the London equation, combined with
Maxwell’s equations, to a superconducting homogenous slab
in a magnetic field, we get an exponential decay of the magnetic field from the exterior into the bulk of the superconductor (see below). Using the same equations, we get the distribution of the current in a superconducting slab, and we get the
same result: the current decays exponentially from the surface
into the bulk of the superconductor. In as much as a superconductor is a perfect diamagnet, it is therefore also a perfect
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insulator. In thick enough superconductors, there is zero current in the bulk in the same way as there is zero magnetic field
in the bulk of thick enough superconductors. That simple fact
leads us to look for superconductors away from perfect metals
(with simple parabolic band structure) and try to describe the
phenomenon of superconductivity as a limit between a metal
and an insulator.
London proposed such a direction, although not in these
terms, as a many body effect. He showed that Eq. (1) could be
derived as a result of a “rigidity” of the many-body wave
function:
ψðr1 ; …rn ; t Þ

ð2Þ

In 1957, Bardeen, Cooper, and Schrieffer (BCS; hereafter
referring both to the original paper and to the theory developed
in it) developed a microscopic theory of superconductivity that
cast this rigidity in the form of an energy gap [2, 3]. Several
preceding studies contributed to the success of BCS theory:
(1) Fröhlich showed that the electron-phonon interaction
contained a term that could be approximately formulated
as a two-electron attraction [4].
(2) Cooper showed that a Fermi gas is unstable against any
small effectively attractive interaction between two electrons [5].
(3) Landau had shown the importance of an energy gap in
deriving the thermodynamic properties of superfluids [31].
BCS were able then to derive a gap equation that
reproduced remarkably the thermodynamic properties of
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superconductors. The great success of BCS lay not only in its
ability to explain previously observed phenomena but also to
make accurate predictions, confirmed by tunneling spectroscopy and other techniques [6–8]. Among the triumphs of BCS
were the Josephson effects, derived from the theory and subsequently observed, a physical phenomenon which gave rise
to an entire field of sensing and fast electronics [9].
BCS made the following seven assumptions:

The work of Gorkov, Bogoliubov, and others showed a
relation between the energy gap and the Ginzburg-Landau
order parameter [19]. The gap function may then be expanded
to correspond to the “anomalous averages” [11]:

(1) The ground state is a paired state.

Ψ ðrÞ ¼ ∑k φk ðrÞck :

–

and ϕk(r) are the Bloch functions (or any other appropriate
basis set).
The picture of the BCS ground state emerging from the
above considerations is quite elaborate and detailed: Cooper
pairs are “communicating” via virtual phonons. There may be
a million other pairs separating the members of a given pair,
yet this cooperative coherence is maintained “over miles of
dirty lead wires” [12].
The electrodynamic properties are derived from an order
parameter description. In that respect, they are not really microscopic. In fact, the derivation of London rigidity from the
BCS gap was questioned by Anderson [13].
It would be advantageous if we could derive these seven
assumptions from a single Ansatz that would serve as a microscopic definition of a superconductor.
Superconductor development in practice suffers from an
even bigger problem. As is generally appreciated, whereas
we understand the phenomenology of superconductivity very
well, there is no known way from the current theory to design
new superconductors in chemical and physical detail, nor to
predict qualitatively their transition temperatures. The problem became apparent with the discovery of the cuprate-based
high-temperature superconductors (HTS) [20]. This failing is
in a way inherent in the theory of superconductivity – BCS
solved the reduced Hamiltonian of any superconducting system, but not at all the full one. But chemistry, the specific
atomistic state of matter which hosts superconductivity, is derived from solutions of the complete Schrödinger equation.
It is possible to calculate the density of states of a material,
its phonon dispersion, and the electron-phonon coupling and
from these to deduce Tc via a number of formalisms, such as
solving the Eliashberg equations. The results are reliable in
some cases but hardly all. Qualitative understanding – what
change in the chemistry or the crystal structure will improve
Tc or impair it - is needed.
In the following, we offer a partial, yet detailed, remedy of
these fundamental problems. While superconductivity manifests itself through a variety of many-body effects, we look at
the possibility of deriving the London rigidity and the attractive interaction between electrons from the properties of a
single super-electron. We present a solution of the full
Fröhlich Hamiltonian based on a new definition of a

Superconductivity is the result of coherent scattering of
Cooper pairs by the attractive potential.

(2) The pairing is of opposite crystal momentum states (or
more generally of time reversed states [10]).
(3) The ground state is a singlet state (other pairing states
were later described).
(4) The interaction is attractive, gaged by a matrix element
Vkk .
(5) The ground state represents a “broadening” of the Fermi
surface, namely, a correlated state with partial occupation
of paired states:


þ
ψBCS ¼ ∏k uk þ vk cþ
c
k↑ −k↓ j0i;

ð3Þ

where |0〉 is the vacuum state for creating Bloch wave functions in a crystal or, more generally, electronic structure states
in a metal that may be amorphous [10].
(6) The electronic system can be treated as a grand canonical
ensemble.
Given these independent assumptions, the gap equation
was derived as:
1
Δk ;
V kk ;
Δk ¼ − ∑k ;  2
2
Δk ; þ ξ2k ;

ð4Þ

where
ξk ¼ εk −μN ;

ð5Þ

and μN is the chemical potential in the normal state.
While the thermodynamic properties of superconductors
were reproduced with outstanding accuracy by BCS, it was
shown later that the Meissner effect could not be properly
derived without an additional assumption, namely, the gauge
symmetry breaking of the order parameter:
(7) The coefficients uk and vk in Eq. (3) are complex numbers which have a definite phase difference that is a
property of the condensate as a whole.

D
E
Δ ðr Þ ¼ V Ψ ðr Þ↑ Ψ ðr Þ↓ ;

ð6Þ

where Ψ(r) is the particle field
ð7Þ
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superconductor. We also show how the electrodynamics of
superconductors arise naturally through London rigidity of a
single super-electron. It will appear from the derivation that
the BCS theory is accurate (with some modifications) but not
complete. In fact, the reduced Hamiltonian of BCS will appear
as the residual Hamiltonian of the standing wave theory.

2 Superconductors Are Standing Wave
Condensates
In the following discussion, we show that the seven assumptions of BCS can be derived from a single Ansatz:
If ϕk is the normal state basis set, then the superconducting
state is characterized by the following condition on the dispersion of the super-electron at the chemical potential, μ (the
chemical potential here is not the normal state chemical potential but the superfluid chemical potential; see below):
∇k ε ¼ 0jε¼μ ;

ð8Þ

where ε is the super-electron energy and k is its crystal momentum index (k can be replaced by a more general index α
with the appropriate partial derivatives for amorphous metals).
This is a single-electron relation, so it corresponds to the
London description of super-electrons. Pairing correlation,
as we shall see, emerges as a many-body result of that single
super-electron property. The assumption (8) does not imply
any long-range coherence; such coherence may be derived
from this assumption. Condition (8) may be seen as a new
definition of the superconducting state.
Assumption (8) has the quasi-classical meaning:
vg ¼

1
∇k ε ¼ 0;
ℏ

ð9Þ

so that the group velocity vg of the single super-electron probability wave function is zero. That means that the single superelectron state is a standing wave state. We emphasize again
that this is an assumption, from which many consequences
ensue.
Instead of applying periodic boundary conditions and using
a traveling wave representation, we consider standing waves
states that represent interference between two Bloch states:

 i
1
φα ðr; t Þ ¼ pﬃﬃﬃ ϕðrÞ eiαðrÞ þ e−iαðrÞ e ℏ εt
2

ð10Þ

In a crystalline material,
αðr Þ ¼ k  r
In a disordered material, α(r) can be any real function of r [10].

We could also choose the difference function:

 i
1
φα ðr; t Þ ¼ pﬃﬃﬃ ϕðrÞ eiαðrÞ −e−iαðrÞ e ℏ εt :
2

ð11Þ

However, we will see that this state is of higher energy.
Note that the standing wave probability function now creates a static distribution of electron density. This static distribution triggers some relaxation of the surroundings (phonons
in low Tc materials, possibly other bosons, such as spinwaves, in other materials) to be explored below.
A detailed treatment of this relaxation for phonons now
follows.

3 Thermodynamics and Quantum Dynamics
We start with the full Fröhlich Hamiltonian (with minor modification) that includes the kinetic energy, the phonon part, the
electron-phonon interaction, and the electron-electron interaction [4].


1
þ
þ
H ¼ μ∑k cþ
c
þ
∑
ð
ε
−μ
Þc
c
þ
∑
ω
a
a
þ
k
k
k
q
q
k
q
k
k
q
2


þ
þ þ
;
;
;
þ
∑
þ ∑q;k M q cþ
c
a
þ
a
v
ð
q
Þc
c
q
q;k;k
kþq k
−q
k−q k þq ck ck :

ð12Þ

Here, μ is the anticipated chemical potential, εk is the norþ
mal quasiparticle energy, cþ
k and aq are electron and phonon
creation operators, respectively, ωq is the phonon frequency,
Mq is an electron-phonon matrix element, and v(q) is a
screened Coulombic potential. Screening is maintained, even
in a narrow band if an additional dispersive band is crossing
the Fermi level [21]. We apply our assumption (Eq. 8), that is,
all the states are degenerate with respect to k. We assume that
the second term in Eq. (12) is a small perturbation so it can be
neglected for now, and we can perform the following transformation:
Aq ¼ aq þ

M *q
ωq

∑k cþ
k−q ck ;

ð13Þ

where Aq is a renormalized phonon annihilation operator. We
would like to write down H in terms of the new operators Aq
(see Eq. 17 below).
We confine ourselves here to the operators cþ
k creating the
states (10). We will deal with this constraint later.
We again apply our assumption (8),
þ
− ℏ μt
ℏ μt
ρ1 ðq; t Þ ¼ ∑k cþ
¼ ρ1 ðqÞ: ð14Þ
k−q ðt Þck ðt Þ ¼ ∑k ck−q e ck e
i

i

We assume here that the standing waves are eigenstates of
the Hamiltonian H0 (H without the kinetic perturbation). It
remains to be seen if these functions can diagonalize the
Hamiltonian.
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It follows then that ρ1(q) is a constant of the motion, and Aq
retains the canonical relations:
h
i
h
i
þ
þ
0
Aq ; Aþ
A
;
A
ð15Þ
¼
δ
0
0
q;q ;
q
q
q ¼ 0 ¼ Aq ; Aq0 :
Note that ⌊H0, ρ1(q)⌋ = 0 . Therefore, they can be diagonalized simultaneously. That means that in the standing wave


base, ρ1 ðqÞ ¼ diag ρk11 ðqÞ; ρk12 ðqÞ; …; ρk1n ðqÞ , but ρ1(q) is
not a function of k, therefore,ρ1(q) = ρ1(q)I and (15) follows,
if indeed H0 is diagonal in the standing wave basis.
The second term in the expression (13) represents the boson shift with respect to the standing wave electronic distribution. It should be noted that this is not a charge density wave
but a detailed correlation of electrons and phonons [14].
Consider now the expression:
∑q ωq Aþ
q Aq





þ
þ
¼ ∑q ω q a þ
q aq þ ∑q M q aq þ a−q ∑k ckþq ck
2


Mq
;
∑k 0 cþ
þ ∑q
∑k cþ
k−q ck
k ; þq ck
ωq

ð16Þ

where we have used the identity M*-q = Mq and rearranged the
summation order. Neglecting terms of order ns with respect to
terms of order ns2 (note, ns is of the order of Avogadro’s
number):


1
þ
H ¼ μN þ ∑k ðεk −μÞcþ
c
þ
∑
ω
A
A
þ
q q
k k
q q
2
!
2
Mq
þ
;
þ ∑q vðqÞ−
ð17Þ
∑k;k ; cþ
k−q ck ; þq ck ck
ωq
where, again, the second term is considered a perturbation.
Similarly,
þ
ρ2 ðq; t Þ ¼ ∑k;k 0 cþ
k−q ðt Þc k 0 þq ðt Þck 0 ðt Þck ðt Þ ¼ ρ2 ðqÞ;

ð18Þ

ρ0 ¼ ∑k∈Ω cþ
k ck :
The Hamiltonian (17) is therefore exactly diagonalized under the standing wave condition (8), if we neglect the kinetic
perturbation,
!


2
Mq
1
þ
þ ∑q vðqÞ−
ρ2 ðqÞ:
H 0 ¼ μN þ ∑q ωq Aq Aq þ
2
ωq
ð19Þ
Using the arguments detailed after Eq. (15), we obtain:
ρ2(q) = ρ2(q)I, and (19) follows self-consistently. Therefore, the
standing wave basis (10) diagonalizes the Hamiltonian H0, if the
dispersion is so low that it can be neglected to first order.
The definition (8) of a super-electron and the neglect
(for the moment) of the kinetic energy of the electrons,
made it possible to solve for H0 in a way similar to the
problem of a localized electron [14]. The difference is that

the super-electrons are itinerant, as in the normal state. It is
only the single-electron wave function that transforms to a
standing wave function to allow for an electron-phonon
correlation in the form of Eq. (13). In contrast to the
particle-in-a box problem, these states are all degenerate.
However, they are not required to be coherent. The electronic eigenstates are the states represented by the wave
functions (10) and (11). State (10) is symmetric relative
to the phonon shift (13). State (11) is antisymmetric relative to the phonon shift. State (10) is therefore of lower
energy.
We can now identify the observableρ2(q) as the order parameter in the following way (other functions of ρ2(q) are
possible too),
2

jψj2 ¼ ∑q ρ2 ðqÞ ;

ð20Þ

with proper normalization.
The order parameter can also be defined as the full pairing
potential:
!
2
Mq
∑q vðqÞ−
ρ2 ðqÞ:
ωq
The Ginzburg-Landau (G-L) equation [11] can now be derived from the full Hamiltonian, and the G-L theory will be
valid in that case also at low temperature.
The pairing potential in the standing wave basis becomes
∑q

Mq
vðqÞ−
ωq

2

!
ρ2 ðqÞ•Ι:

We therefore obtained pairing correlation, not by imposing
it but as a result of our assumption (8), and the canonical
transformation (13). Note that the single-electron terms disappeared from the Hamiltonian. They are included in a constant
shift of the energy and as part of the renormalized phonons.
Only pairing correlation amplitudes appear in the diagonalized standing wave Hamiltonian.
We are now ready to treat the kinetic perturbation,
H 1 ¼ ∑k ðεk −μÞcþ
k ck ;

ð21Þ

with the unperturbed Hamiltonian:

H 0 ¼ μN þ ∑q ωq

Aþ
q Aq

1
þ
2


þ ∑q

Mq
vðqÞ−
ωq

2

!
ρ2 ðqÞ:

ð22Þ
The unperturbed Hamiltonian H0 represents a fully degenerate subspace of k-space,
Ω ¼ f k j ε ð k Þ ¼ ηg
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Instead of the Fermi surface, this space should be called a
Fermi volume, as its dimension is one higher [see Fig. 1]. As
all of the k states in the Fermi volume subspace are degenerate, we have to use degenerate perturbation expansion.
Following the footsteps of BCS and the two-fluid model of
Gorter and Casimir [18], we envisage a ground state of a
standing waves condensate and a normal fluid of quasiparticle dispersive excitations.
In addition, we are facing other issues at the level of H0.
In a normal metal, there is only one configuration at T = 0.
All of the states are filled up to the Fermi level. Therefore,
the entropy S = 0 at T = 0. This is not the case in a standing
wave superconductor (see Fig. 1). While the subspace Ω is
completely degenerate, minimizing the energy requires
some of the degenerate states to be empty (note that ρ2(q)
is a sum over occupied and unoccupied states). Therefore,
there are many different ways to arrange the ground state.
While this is not in complete violation of the third law of
thermodynamics, as several ground states are possible in
some systems, here we are dealing with an O (nln(n)) number of degenerate standing wave states where n is of the
order of Avogadro number. As we will see immediately,
the kinetic energy term H1 lifts that degeneracy, while conserving the all-important condition (8). Here again we will
use the insight of BCS and apply partial occupation. (BCS
assumption number 5). It is important to note that the partial occupation is a direct result of the standing wave assumption and the third law of thermodynamics.
Another issue is related to the flatness of the dispersion.
The Fermi volume Ω is connected to a particle reservoir,
which is the dispersive Fermi Sea. Therefore, the appropriate
treatment of the problem is in the grand canonical ensemble
(BCS assumption number (6)).
The standing wave Bloch states form atomic-like orbitals, where the local distribution amplitude (Eq. 10) is
fixed in space. The low velocity bosons can thus cope with

Fermi
surface

Simple 2D metal

the high velocity electrons in a way described by Eq. 13. It
is therefore energetically favored for another electron to
occupy the same standing wave state (atomic-like orbital)
with opposite spin. This is the maximum occupation
allowed by the Pauli exclusion principle. It is therefore
clear that the energy of a “relaxed” standing wave state
containing two electrons is lower than a singly occupied
standing wave state. In fact, a singly occupied standing
wave state is an excited electron-hole state due to the local
atomic-like nature of a standing wave state. This is the
origin of Cooper pairing. There is no “long range coherence” except for the Pauli principle, which is nonlocal, as
is the case in all quantum systems.
A major difference between BCS pairing and the standing wave model is the non-locality mentioned here. While
in BCS pairing long-range order is assumed to maintain
the correlated pairing of two moving electrons, communicating at large distances, in the standing wave pairing, it is
only the Pauli principle that maintains this non-locality, as
in any electron pair in atomic orbitals. Therefore, there is
no additional assumption here, except for the usual nonlocality related to the Pauli principle (as occurs in basic
quantum mechanics.)
It is now clear that the pairing state is a singlet state.
The two super-electrons retain their fermionic identity,
they are not a boson, and therefore their total wave function should remain antisymmetric. Therefore, the two
electrons are in a singlet state as long as the atomic-like
orbital is symmetric (Eq. 10). Other antisymmetric configurations are, of course, possible.
So far, we treated only the symmetric states (10). The
Phonon shift (13) actually splits the degenerate subspace
Ω into two subspaces where ΩS corresponds to the symmetric states (10) and ΩA corresponds to the antisymmetric states (11); the symmetry is with respect to the phonon
shift (13). The split between ΩS and ΩA is determined by

Fermi Ω
volume

2D superconductor

Fig. 1 Left: isotropic 2D metal, the Fermi surface is a 1D circle. Right: isotropic 2D superconductor. The Fermi volume is a 2D ring
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the electron-boson coupling

jM q j
ωq

2

and by the somewhat

reduced electron-electron repulsive potential v(q)A due to
the antisymmetric space correlation of the electrons.
Looking at the full Hamiltonian in the low-temperature
limit (low density of quasi-particles) H = H0 + H1, we already
see the resemblance to the reduced BCS Hamiltonian. After
we have diagonalized the standing waves Hamiltonian H0, we
are left with the electronic residue:
H e ¼ μN þ ∑k ðεk −μÞcþ
k ck þ ∑q vðqÞ−

Mq
ωq

2

!
ρ2 ðqÞ:ð23Þ

E k 1;2 ¼ E

H 0 jS ¼ E jS i and H 0 jAi ¼ E jAi;
S

A

so that we can write:

H0 ¼


ES 0
;
0 EA

where H0 is block-diagonalized.
Both states |S⟩ and |A⟩ are many body eigenstates of
the Hamiltonian with different energies ES and EA. We
know that EA–ES > 0 because the antisymmetric states
are out of phase with respect to the phonon shift in
Eq. (13). Therefore, the states |A⟩ are orthogonal to the
states |S⟩. For the time being, we do not know their
difference in energy except that it is greater than zero.
Therefore, we can use simple perturbation theory even
in this highly degenerate case, by choosing the many
body eigenstates |S⟩ and |A⟩ as the basis for the
Hamiltonian, H0 and H1 as the perturbation.
By introducing the perturbation H1(ε(k)), we introduce dispersive states as linear combinations of states (10) and (11).
ck ¼ uk jSk > þvk jAk > :
The operators cþ
k are now the original electron creation
operators of Eq. (12). We can use them now because there
are no single-standing wave states in H0. They always mix
one |Sk > state with one |Ak > state, but never mix states of
the same degenerate subspace.
We can define 2Δ = EA − ESas an energy gap yet to be
determined.
2
jM q j
A scenario where v(q) is larger than ωq could happen, in
which case the order of the bands could reverse.
Using two-level simple perturbation theory, we get for every k:

þE A
2



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2 þ ξ2k , very reminiscent of the BCS

solution, assuming of course that the perturbation ξk is very
small with respect to EA − ES.
The energy gap Δ should be determined self-consistently.
We know that the ground state |S⟩ with paired standing wave
states of energy EScannot contain a definite number of pairs in
violation of the third law of thermodynamics. Here comes
finally the BCS solution of partial occupation, and Δ ¼
E A −E S
2

is determined self-consistently.
We are left with the residual Hamiltonian:

H e ¼ μN þ
With |S⟩ designating the many body wave function of the
symmetric states (10) and |A⟩the many body wave function
of the antisymmetric states (11),

S

∑k ðεk −μÞcþ
k ck

þ ∑q

Mq
vðqÞ−
ωq

2

!
ρ2 ðqÞ:ð23Þ

We have neglected here the anticipated quasi-particle interactions with the phonons and among themselves. Following
BCS, we assume that these interactions are the same as in the
normal state.
It is important to note that we obtained a formally BCS-like
Hamiltonian without assuming any pairing. Of course, one
can argue that the pairing assumption is equivalent to the
assumption (8). As we have shown, however, other BCS assumptions are derived from (8). The advantage of the standing
wave definition (8) will become clear in examining the electrodynamics and the chemistry of the materials.
Following BCS, we now minimize:
^
hΨ jH e −μ N −∑q λq ρ2 ðqÞjΨ i ¼ ∑k 2ξk jvk j2
!
2
Mq
þ ∑q vðqÞ−
−λq hρ2 ðq; vk ; uk ; vk 0 ; uk 0 Þi;
ωq

ð24Þ



þ
where Ψ ¼ ∏k uk þ vk cþ
c
k↑ k↓ j0i and |0⟩ is the Fermi sea,
under the constraints:
∂
ρ ðqÞ ¼ 0;
∂t 2

ð25Þ

and
hΨ jN jΨ i ¼ hN iaverage
λq here is a Lagrange multiplier, related to constraint (25).
Since we have established pairing, we can now use the
reduced form of the interaction:
D
E
þ
hρ2 ; ðq; vk ; uk ; vk 0 ; uk 0 Þi ¼ ∑k;k 0 ; cþ
k 0 ↓ ; ðt Þ; ck 0 ↑ ; ðt Þ; ck↓ ; ðt Þ; ck↑ ; ðt Þ
¼ ∑k;k 0 u*k v*k0 uk 0 vk  ðk 0 ¼ k þ qÞ

The pairing is, of course, of standing wave states, where all
the atomic-like orbitals are doubly occupied with fractional
occupation of pairs.
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Similar to BCS, we obtain the solution:
1
Δ0
Δk ¼ − ∑k 0 V kk 0 k ;
2
Ek 0
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E k ¼ ξ2k þ Δ2k ;

ð26Þ
ð27Þ

with
2

V kk ¼ V k−k
;

;

Mq
¼ V q ¼ vðqÞ−
−λq :
ωq

ð28Þ

The lowest energy excitations will create a standing wave
particle hole pair with zero dispersion. Any higher excitation energy will create a moving particle combining states (10) and (11).
λq can therefore be called the rigidity potential.
The interpretation of the BCS solution within the standing
wave model is therefore as follows: The ground state corresponds to partial occupation of dispersion-less standing wave
states. The dispersion is carried by the quasi-particle excitations evaporating from the condensate. The standing wave
dispersion-less states are essential in order to benefit from
the phonon (or any other boson) relaxation (Eq. 19). With
increasing temperature, the evaporated dispersing quasiparticles deplete the condensate, and the energy gain related
to the boson relaxation is diminished.
Since λq → 0, low Tc materials can generally be dejΩj→0

scribed as:
Δk ðS:W Þ → Δk ðBCS Þ;
jΩj→0

where S.W stands for Standing Waves.
The Josephson effect can now be understood as two Fermi
seas (particle reservoirs) connected by their flat dispersion
regions Ω (“Fermi ponds”). As in a semiconductor junction,
the weak link between the two particle reservoirs brings them
to equilibrium. In a semiconductor junction, it regulates the
junction voltage. In a Josephson junction, it regulates the
phase difference by controlling the chemical potential and
therefore the occupation of the Fermi “ponds” at each side
of the junction. Similarly, in a d-wave superconductor, when
the material undergoes a transition to the superconducting
state, the Fermi ponds “poison” the Fermi surface by partial
occupation, and the condensation includes the nodes as well.
A similar thing happens in the proximity effect: The Fermi
surface of the normal metal is connected with the Fermi ponds
of the superconductor and therefore is “poisoned” by partial
occupation.
An important difference between the SW model and BCS
is the relevant energy scale. While BCS consider the Debye
frequency ωD to be the relevant energy scale, in SW it is Δ,
the superconducting gap. Therefore, in contrast to BCS, the
fine structure of the energy bands at the Fermi level is all

important in SW. In SW, the isotope effect is strong for low
Tc (more dispersive) materials and negligible for high Tc materials, where the dispersion at the Fermi level is very low. In
that respect, a phonon mechanism is not ruled out for high Tc
materials.
The doping in high Tc materials is exactly the gradual
filling of the “Fermi volume” Ω. The entropy of the partially filled “Fermi volume” goes as x(1 − x) if x is the
fractional filling of that volume. Therefore, the doping
dependence of Tc is parabolic, with a maximum at half
filling of Ω. We claim that this is a general property of
superconductors, not observed in low Tc materials due to
the very limited size of the “Fermi volume” and an inefficient doping mechanism.
It is important to note that BCS, while not providing a
solution of the full Hamiltonian, captures the essence of
the thermodynamics of superconductors. Therefore, the
drive for high density of states at the Fermi level is already present in the BCS gap equation and the approximation for the critical temperature. This led to a search for
new materials and understanding of HTS within the “Van
Hove Scenario” with limited success [22–28]. The Van
Hove Scenario got experimental support with the discovery of the “extended Van Hove singularity” (EVHS) in all
measured HTS materials [29, 30]. This includes Bi2201,
Bi2212, Bi2223, Y123, Y124, LSCO, and electron-doped
HTS. In the standing wave theory concept, the normal
quasi-particle states are perturbed standing wave states.
This is a cornerstone of the theory. Therefore, the
superconducting transition is a transformation of the band
structure from shallow dispersion in the normal state to a
flat dispersion in the superconducting state. So far, all
HTS compounds that were measured by photoemission
show this property of an extended region of shallow dispersion in the normal state in the proximity of the Fermi
level [29, 30].
The high Tc of these materials can be traced back to the
extension of this shallow dispersion region as discussed below.
Recently, an EVHS was discovered in twisted graphene bilayers [36–38] The topology of the Fermi surface and its proximity
was found by ARPES measurements to be similar to Bi2201 [36].
The critical temperature of the best intercalated graphene superconductor (12 K) and Bi2201 (12 K–24 K) are similar.
EVHS was also discovered in Sr2RuO4 [39]. It remains a
challenge to explain the low Tc of this material (below 1 K).
Perhaps the complex topology of the Fermi surface of this
material [40] figures in the explanation.

4 Electrodynamics
The most important difference between the standing wave
model and the BCS treatment is the derivation of the
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electrodynamic properties. The original BCS treatment [2, 3]
calculates the conductivity of the superconductor from which
the London rigidity should be derived. P.W. Anderson and
others [13] criticized that treatment. Gorkov and others [11]
made of the connection between the BCS energy gap and the
Ginzburg-Landau order parameter. This is an elegant solution,
but it is phenomenological. In that respect, we still lack a
microscopic theory of zero resistance and the Meissner effect.
It is clear that the standing wave theory produces a new
operator:
þ
ρ2 ðq; t Þ ¼ ∑k;k 0 cþ
k−q ðt Þc k 0 þq ðt Þck 0 ðt Þck ðt Þ ¼ ρ2 ðqÞ;

that is a constant of the motion. Therefore[H, ρ2(q, t)] = 0, and
the operator ρ^2 ðqÞ can be diagonalized simultaneously with
the Hamiltonian. It is also clear that ρ^2 ðqÞ is not dependent on
k. Therefore ρ^2 ðqÞ ¼ ρ2 ðqÞI, where I is the identity matrix,
and we have used the same notation for the operator ρ^2 ðqÞ and
the eigenvalue ρ2(q) as in x^Ψ ¼ xΨ for the position operator.
The set of eigenvalues ρ2(q) therefore generate a wave function through the relation:
|ψ|2 = |∑qρ2(q)|2, with proper normalization.
This macroscopic wave function can be defined as the order parameter of the system, in analogy with the GinzburgLandau order parameter.
Thus, we can treat the macroscopic spatial variation of the
super-electron density using the G-L theory-derived microscopically. We will not proceed along this route but rather
show how the London relation is by itself a microscopic relation between standing wave electrons and the vector potential,
without requiring the rigidity of the many-body wave function
[15].
Let us look again at the single standing wave electron function (10). The pairing is not a necessary condition to derive the
London relation, but, as we have seen, pairs are favored energetically, so we will look at the single pair wave function. This
will preserve the 2e charge observed experimentally.
To be precise, we are looking at a single superconducting
standing wave state at T = 0. The pair wave function is given as,
ψðr1 ; r2 ; t Þ ¼ Cφðr1 ; t Þφðr2 ; t Þj↑↓i;

ð30Þ

where C is any complex constant, |↑↓〉 denotes a singlet state, and
ϕ(r, t) is a standing wave function given by Eq. (10). The spatial
part of ϕ(r, t) can be set to be a real function with respect to a
vector potential in the London gauge:
∇  A ¼ 0; A⊥ ¼ 0 at the surface of an isolated body
(31).
Then the single-pair probability current will be:


ℏ
q
*
J ðr; t Þ ¼ Re ψ
∇−
A ψ :
ð32Þ
im
mc

But
ψ

*

ℏ
ℏ
∇ ψ ¼ CC * φðr1 ; tÞφðr2 ; t Þ½∇ 1 φðr1 ; tÞφðr2 ; tÞ þ φðr1 ; tÞ∇ 2 φðr2 ; tÞ;
im
im

ð33Þ

so that
Re ψ*

ℏ
∇ ψ ¼ 0;
im

and
J ðr; t Þ ¼ −

q
Ajψj2 :
mc

ð34Þ

Thus, the London relation appears as a single-particle microscopic property. It is a linear relation between the probability current of each superconducting pair and the vector potential. Since all the pairs individually obey this relation, the total
current is proportional to the vector potential, giving the macroscopic London relation:
J TOTAL ðr; t Þ ¼ −

q
∫drK ðr−r0 ÞAðr0 Þ;
mc

ð35Þ

where the kernel K(r-r’) expresses the collection of these microscopic currents into the macroscopic current JTOTAL,
J total ðrÞ ¼ −

e2
∫Bðr;ξ0 Þ
mc

dr0 Aðr0 ÞK ðr−r0 Þ

ð36Þ

Where B(r, ξ0) is a sphere around r with radius ξ0 and
K ðr−r0 Þ ¼ ∑ cos2 ðk  ðr−r0 ÞÞ

ð37Þ

k∈Ω

Again, note that the derivation of the London relation
did not require any assumption about macroscopic coherence of any kind. The Pippard integral now appears as a
summation over standing wave states, a summation carried out over the single-electron probability currents to
give the total current. It is emphasized again that the
pairing is not necessary to derive the London relation.
The same treatment over a single super-electron state of
the type (10) would yield the London relation.
Any other potential should be related to the London potential by a gauge transformation,
A; ¼ A þ ∇χ;

ð38Þ

where χ(r) is any scalar function. The corresponding transformation of the wave function is then
q
ð39Þ
ψ; ¼ ψei ℏc χðrÞ ;
and

ℏ
q ;
∇−
A ðr; t Þ ψ; ðr; tÞ
im
mc
q
q
q
; 2
∇χðrÞjψ j −
∇χðrÞjψ; j2 −
Aðr; t Þjψ; j2
¼
mc
mc
mc

J ðr; tÞ ¼ Re ψ;* ðr; t Þ

so that again



ð40Þ
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q
J ðr; t Þ ¼ − mc
Aðr; t Þjψj2 [1].
It is suggested here that the rigidity of the many-body wave
function, which is maintained by the energy gap in the BCS
description, can be replaced by a single-body relation that is
the property of any real wave function in the London gauge.
Thus, the long-range coherence, explained as the phase rigidity of the order parameter in BCS, can now be understood as
merely reflecting this single-electron behavior.
What is then the symmetry that is broken in a system of
standing wave functions? The periodic boundary conditions,
which allow for arbitrary phase of the wave function, are broken, driven from the bulk, by the relaxation of the phonon
cloud (or other bosons, for that matter) against a standing
electronic wave function. This is the proposed physical understanding of gauge symmetry breaking in the case of a
superconductor.
Alternatively, it can be said that the temperature of the solid
is low enough to “feel” the boundaries. The grain boundaries
of the material, impurities, and defects are supplying the “support” for maintaining the standing wave function. The boundary conditions determine the shape of the wave function. For a
superconductor to be formed, the London relation has to exist
on the surface. That excludes the antisymmetric wave functions (11).
An important observation, due to H. Thomas [17], is that
the single electronic current in the standing wave model is not
divergence-free:

∇  J ðr; t Þ ¼ −

q
Aðr; t Þ  ∇jψðr; t Þj2
mc

ð41Þ

This is in accord with a BCS-like ground state where standing wave pair states are constantly being created and
destroyed. Again, J(r, t) is the probability current of a single
pair.
For the total current, we would have
∇  J total þ

dρ
¼ 0:
dt

ð42Þ

We now apply again our single assumption of zero dispersion,
dρ
d
d
¼ ∑q ρq ¼ ∑k;q cþ
kþq ðt Þck ðt Þ
dt
dt
dt
d
−i
i
ℏ μt c e ℏ μt ¼ 0;
¼ ∑k;q cþ
k
kþq e
dt

ð43Þ

so that the total current is divergence-free.
Consider again Eq. (41). For a superconductor, we would
like the surface current to be divergence-free. Therefore, we
would require ∇|ψ(r, t)| = 0 at the surface of the superconductor (in the London gauge). That means that we must choose
the standing wave sum function (10) and not the difference
function (11) for a superconductor.

It is helpful to look at the problem quasi-classically. In the
quasi-classical picture, a standing wave is a wave-packet with
group velocity vg = 0. The magnetic force on such a particle is
F = vg × B = 0. Therefore, the semi-classical standing wave particle is unaffected by magnetic fields as long as it is not evaporated from the condensate. This is the rigidity that was aimed at
by BCS [2, 3]. It is only the vector potential that affects the phase
of the single-electron wave function, as in the Aharonov-Bohm
effect. The super current is therefore a current of all the superelectrons, not a collective effect due to coherence of the manybody wave function but simply a phase current. It therefore does
not interfere with the relaxation (19), being a uniform current for
all of the super-electrons. The Pippard integral comes from the
relation between the vector potential and the macroscopic current. In order to obtain the macroscopic current, one must integrate over all the standing wave k-states. This affects real space
integration over a region on the order of the coherence length as
expressed in Eq. (36) above.
The question arises of what is the difference between our
superconductor and a charge density (spin density) insulator.
The answer is simple: Inasmuch as a superconductor is a perfect diamagnet, it is also a “perfect insulator.” The magnetic
field in the superconductor appears only on the surface and
decays exponentially. Thus, for a plain boundary located at
x = 0,
BðxÞ ¼ Bð0Þe− λ ;
x

ð42Þ

where λ is the London penetration depth.
So is the electrical current,
J ðxÞ ¼ J ð0Þe− λ :
x

ð43Þ

Here is the justification for the title of our paper – a superconductor is therefore a “perfect insulator,” but not a dielectric
insulator. It is a conductor condensed into standing wave
states in order to benefit from the relaxation of low-level excitations. It allows for current to flow without resistance along
its boundary while keeping the interior of the material free of
currents and fields. A superconductor and a charge density
wave insulator (or a spin density wave one for that matter)
are therefore different phases that compete for the same interaction with different relaxation modes.

5 Chemistry
Now, that we have the elements of a solution to the total manybody Hamiltonian, we can begin to understand the chemistry
required for superconductivity. AWilson-type rule for SW would
state the following: An insulator obtains where the Fermi level is
in the gap and a conductor where the Fermi level cuts the energy
band. A superconductor occurs where the Fermi level is “tangent” to the energy band. This is not a mathematical tangent in
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the normal state. However, the dispersion should be so low,
below the superconducting gap, in order to be considered as a
perturbation. The transition to the superconducting state is the
complete flattening of the band at the superconducting chemical
potential, creating the Fermi volume Ω.
The key to increasing Tc is therefore to increase the Fermi
volume Ω = {k|ε(k) = η}, and with it the factor
þ 0
0
ρ2 ðq; t Þ ¼ ∑k;k 0 cþ
k−q ðt Þc k þq ðt Þck ðt Þck ðt Þ ¼ ρ2 ðqÞ.
This can be done by controlling the band dispersion near the
Fermi level. Using quantum chemistry, we have identified in the
cuprates, in addition to the dispersive Cu-O σ bond (the reference
is to the band arising from this bond), a low dispersion Oπ bond
[16]. If this bond is responsible for the low dispersion band
observed in the cuprates near the M point, we could control it
and the resulting Fermi volume by controlling its chemistry.
Materials so designed can show superconductivity at temperatures several times higher than observed so far. Experimental
steps in this direction will soon be published.

6 Summary
The standing wave model provides a new direction for the
understanding of superconductivity and for the design of
new superconductors.
The electrodynamics of superconductors, their zero DC
resistivity, and the Meissner effect can be understood as a
result of a microscopic London relation between the vector
potential and the standing wave super-electrons.
The analysis can only be correct if the normal state could be
described as a perturbed standing wave state. The BCS solution appears as a perturbation on the standing wave solution.
Therefore the dispersion of at least one band in the normal
state should be extremely low. The transition to the
superconducting state is the transition from a nearly flat band
in the normal state to a completely flat band in the
superconducting state. Other bands in the proximity of the
Fermi surface will follow through by means of poisoning the
Fermi surface with partial occupation. Their contribution to Tc
will be negligible if their dispersion is high.
The extension of this low dispersion region over the
Brillion zone determines the strength of the interaction
through the term (18)
That is, the number of k-states in the sum (18) determines
Tc if the other parameters are varying slowly.
This number is expressed through the term Ω.
Therefore it is the extension of the shallow regions in
the normal state that determines Tc. A detailed calculation
for LSCO with comparison to experimental data will be
published soon.

Another condition is high dispersion of at least one another
band crossing the Fermi surface to allow for the screening of
the electron-electron repulsion expressed in v(q). [21]
The BCS theory indicates high density of states at the
Fermi level as one of the parameters enabling high critical
temperature. This understanding triggered a search for flat
dispersion at the Fermi energy, what is known as the “Van
Hove Scenario”. [25–28, 32–35].
An important difference between the van Hove Scenario
and the standing wave model is the following: While superconductivity is in general a many-body property, the standing
wave model brings about a single particle property that is the
basis for the whole phenomenon. This single particle property
is the one allowing for design of new superconductors.
Acknowledgements Avi Schiller is remembered warmly for intensive
discussions and critical review of the formalism. Roger Kornberg is greatly appreciated for a critical review of the manuscript and very instructive
remarks. Roald Hoffmann is greatly appreciated for a critical review of
the manuscript. Robert Loughlin is acknowledged for stimulating
discussions.

References
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

London, F.: Superfluids. Wiley, New York (1950)
Bardin, J., Cooper, L.N., Schrieffer, J.R.: 108, 1175 (1957). Phys.
Rev. 106, 162 (1957)
Schrieffer, J.R.: Theory of Superconductivity. Benjamin
Cummings, London (1964)
Fröhlich, H.: Phys. Rev. 79, 845 (1950)
Cooper, L.N.: Phys. Rev. 104, 1189 (1956)
Giaever, I.: Phys. Rev. Lett. 5(147), 464 (1960)
R. W. Morse, Prog. Cryog., Vol. I, p. 220
Hebel, L.C., Slichter, C.P.: Phys. Rev. 113, 1504 (1959)
Josephson, B.D.: Phys. Lett. 1, 251 (1962)
Anderson, P.W.: Phys. Chem. Solids. 11, 26 (1959)
V. L. Ginsburg and L. D. Landau, JETP, 20 (1950); P. Gor’kov,
JETP, 34, 735 (1958)
Pippard, A.B.: Proc. Roy. Soc. London. A216, 547 (1953)
P. W. Anderson, Basic Notions on Condensed Matter Physics, West
View Press, 1984, P.50
Mahan, G.D.: Many Particle Physics. Plenum Press, New York
(1990)
Gatt, R.: PhD Theses. Chalmers, Goteborg (1996)
Panas, I., Gatt, R.: Chem. Phys. Lett. 259, 241 (1996)
H. Thomas, private communication
Gorter, C.J., Casimir, H.G.B.: Phys. Z. 35, 963 (1934)
Ginsburg, V.L., Landau, L.D.: JETP. 20, 1064 (1950)
Bednortz, J.G., Muller, K.A.: Z. Phys. B64, 189 (1986)
Labbe, J., Bok, J.: Europhysics Lett. 3, 1225 (1987)
A.A. Abrikosov, J. C. campuzano, K. Gofron, Physica C 214
(1993) 73
Hirsh, J.E., Scalapino, D.J.: Phys. Rev. Lett. 56, 2735 (1986)
Friedel, J.: J. Phys. Condens. Matt. 1, 7757 (1989)
R. S. Markiewicz, Int. J. Mod. Phys. B 5 (1991) 2037 and references therein
Van Hove, L.: Phys. Rev. 89, 1189 (1953)
D. M. Newns et. al., Phys. Rev. Lett. 69 (1992) 1264 and references
therein

J Supercond Nov Magn
28.
29.
30.
31.
32.
33.
34.
35.

C. C. Tsui et. al., Phys. Rev. Lett., 69, 2134 (1992) and references
therein
Dessau et al., Phys. Reports, 253, 1 (1995) and references therein
Gofron et. al., J. Phys. Chem. Solids, 54, 1193 (1993)
Landau, L.: J. Phys. 11, 91 (1947)
Dagotto, E., Nazarenko, A., Boninsegni, M.: Phys. Rev. Lett. 73,
728 (1994)
Bulut, N., Scalapino, D.J., White, S.R.: Phys. Rev. Lett. 73, 748
(1994)
Hlubina, R., Rice, T.M.: Phys. Rev. B51, 9253 (1995)
Markiewicz, R.S.: J. Phys. Chem. Solids. 58, 1179 (1997)

36.
37.
38.
39.
40.

McChesney, J.L., et al.: PRL. 104, 136803 (2010)
Gouhong Li et al., Nature Physics 6, 109 (2010)
Cea, T., Walet, N.R., Guinea, F.: PRB. 100, 205113 (2019)
Lu, D.H., Schmidt, M., Cummins, T.R., Schuppler, S., Lichtenberg,
F., Bednorz, J.G.: PRL. 76, 4845 (1996)
Shanyu Liu et.al., cond-mat arXiv:1205.4970

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

